
Math 451: Introduction to General Topology
Lecture 11

(6) Thomae's function
.

Let T: 10
,
1 -> [0

,
] be defined by

TM := Go
itRid

in ifx and x = m is reduced.

Claim
.

T is continuous at irrationals and discontinuous at rationals.
Proof. If x = I is a rational and is reduced

,
then T(x) = in and V : = 10,) > In

is open while T" (V) only contains rationals
,
so it cannot contain an open interval

Is X bene every nonempty open
interval contains an irrational (HW).

Now let x EIRIQ
,
so To = 0. It V:= (-3

, 2) be an open ball centured at 0.

let MENNY be such that 2 .
But the set F:h : nam and m=M) has at

~T
most M2 elements

,
hence is finite

,
thes 7 %20 st

.

(x-1
,
x + d) 1 F = 0,

V

(1 so Tlx-5
,
x+1) = (0, M) ? V . Thus T is continuous at X.

Remark
.

In homework
, we

hom but the at of continuity points of a function between

metric
prese is 60.. To be this on Thomas's function , note that Q is Fr since

&
=Up(9)

and each 1st is closed and Q istbl . Thus, IRIQ is Gr
,
here

Cont(T) = (IR(@)1(0 , 17 is Gr .

Question. Does an opposite function exist ? I . e . is there a function : 10
,
1- IR it.

Cout(f) = Q ?

Answer
. No ! The set Contif) is he and we will show later but Q is not Go .

Homeomorphisms and embeddings.
Let X

,
Y be metric spaces . Call a function f:X- Y a homeomorphism if it is



a bijection and both f and f" are continuous ; in other words
,
f
maps open

setz to

open sete and back (i . e . &" maps open
she be open sets). Note What an isometric

bijection is a homomorphism , but a horcomophism need not be an isometry
.

Call fix -> Y an embedding if i is a homeomorphism from X to f(x).
f
&

To give awice example of a homeomorphism, we first define the X embedding
?standard Cantor set

.

The standard Cantor set. The standard Cantor not is a closed subset 2 = Co, defined
open int

as follows . We define a sequence (25)stze of closed intervals and a sequence (FS]eN
8 Ca ↓ by induction as follows : let Co : = [0

,
1
.

Then let Fy := the
I

I middle Mird open interval in the interval Co . Then Co\Ig =

Co LIC
, is a disjoint union of two closed intervals

.#Opto, Co, 40,M

orr Then to and I , me the middle Good open
intervals of

Co and C
, respectively· In general , for each seIN,

if C
,
is already defined , Men Is is the middle wird open

interval in as and

(s) Is = CoLl(s1
,
where lo al le are the two disjoint closed intervals,

Go to the left of 31
,
whose union is Cs)Is.

Now the Cantor set 2 is defined as C:= A

C is a finite union of closed KINS2. Then Licensesince EnEIN
,

so
N sezu

C,
52

is an intersection of closed ats.

It is
easy to see mat all endpoints of the intervals Cs

,
se2N

,
are in C

,
so

(is infinite. But is I atbl ? Are there other points?

Them .
G and the Canter set are homeomorphic.

A honeomorphism is given by F :- C
,
where

f(x) := the unique element of A ((xin) ·
NEIN



Proof
. Firstly , f(x) is well-defined by the completeners of 10

, 1 because (ax12) is a decreasing
sequence of closed sets of diameter diam)(1) = in ->0 ,

heave #Sin #*, as
UEIN

it his a unique element since diam(ii) = 0 .

Injectivity . If X =3 in I , Men 5 last WEIN X (2) + y (n)
,

but then fle)
, fly) = C , where

= XIn = y/n , but f(x) (sx) and fls) t Cycus and Cox and Exces are disjoint,
so f(x) + fly) ·

surjectivity . If reC ,
then reW's ,

so fr eac EN , reWC .

But is a

unique saf ?
" with resu!2"Butunion is disjoint , so there is a

Cu - Ssue
,

here sudsat so the "union" of the Su gives an x2 with

XIn = Su VueIN . Thus
,
f(x) = the unique element in MCsu = 303 ,

have f(x) =5.
USA

Continuity of f
.

Wechow let is continuous at every xz2N .

Fix xt2
,
so fixe 2.

Fix V : = Ba(f(x) . Then choosing nEIN large enough so lat in < 2 , we get but
f(x)c2xIn = V base diam(x) = n · Denote S := XIn

,
Men F((s3] = Cs = V,

so f isontinuous at x.

Continuity off". HW.

Remark
.
The Comeomorphic

f inhis theorem is not an isometig : indeed, X : = DDO ... and y := 1111 ... have

distance 2 in I but F(x) = 0 and fig) = 1 have distance 1 in IR.

Another cool example of a continuous function.
let (Is]se2 be the sequence of open Middle

third) intervals as in the definition of Me Can-

for set. Then U:=urIs is open
and C = Co , 13 /K.

Define a funcion f :U-> 10 , D by setting for each

St]sIN
, flej= O . SoS.... Swee 1

,

where the latter is

the binary representation of a realF is uniformly
continuous on1 hence can be unixels extended
to U = [0

,
1. Details in HW.

Loo

to to

Ip In I



Space of bod continuous functions

For metric spaces X , Y ,
recall Pet B(X, Y) denotes the space of bod functions

,
which

is a metric space
when equipped with the uniform metric du

.

Also recall let it i is

complete then BCX, i is complete.
let BL(X

,
Y) := 3 FEBIX , 4) : fis continuous .

Prop . BL(X
,
i is a closed subset of B(X, Y) , in the uniform metric du

.

Equivalently , the uniform limit of bod continuous functions is continuous.

Proof. Let (f) = B((X, i) and suppose
fatbut for come feB(X,)

.

We needd

show that fe CBIX
,

Y)
,
i
. e
.

/ is continuous
.

Fix xot X and show lett is continuous
a xo . To this end fix 370 and we need to find 530 sitxeBild

,

↑ (x)e Balf(o)) . For 4 ,
A ne cot

.
dulf

,
ful > 3/3* Since to in continuous

,
there is

&O set
.
for all x Bilxd)

,
Hd(fn(

,
fulxo)) < 3/3 .

The ExEBokxo we have :

& ( f(x) , f(xd)) = ((f(x)
,
fu(x)) + d(fu(x)

,
fu(xd) + &(fu(Xo)

, f(x)) < E+ E +E = E
.

DEN

(k) (4)(t)


